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a b s t r a c t

The Best Worst Method (BWM) is a multi-criteria decision-making method that uses two vectors of
pairwise comparisons to determine the weights of criteria. First, the best (e.g. most desirable, most
important), and the worst (e.g. least desirable, least important) criteria are identified by the decision-
maker, after which the best criterion is compared to the other criteria, and the other criteria to the worst
criterion. A non-linear minmax model is then used to identify the weights such that the maximum
absolute difference between the weight ratios and their corresponding comparisons is minimized. The
minmax model may result in multiple optimal solutions. Although, in some cases, decision-makers
prefer to have multiple optimal solutions, in other cases they prefer to have a unique solution. The aim of
this paper is twofold: firstly, we propose using interval analysis for the case of multiple optimal solutions,
in which we show how the criteria can be weighed and ranked. Secondly, we propose a linear model for
BWM, which is based on the same philosophy, but yields a unique solution.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

In general, decision-making can be defined as identifying and
selecting an alternative from a set of alternatives based on the
preferences of the decision-maker(s). In most cases, several criteria
are involved in this identification and selection process, which is
why these problems are called multi-criteria decision-making pro-
blems. Different decision-makers value the criteria involved differ-
ently. In the past decades, several multi-criteria decision-making
methods have been proposed to help decision-makers find the
values of the criteria and the alternatives based on their pre-
ferences. As the aim of this paper is not to review these methods,
we refer the readers to some textbooks that cover the most com-
monly used MCDM methods [1–3], and some review papers [4,5].
One of the most recently developed methods is the best worst
method (BWM) [6], which is a comparison-based method that
conducts the comparisons in a particularly structured way, such
that not only is less information is required, but the comparisons
are also more consistent. In some cases, BWM results in multi-
optimality, which means that solving the problem results in dif-
ferent sets of weights for the criteria. This feature of the method
may be desirable in some cases. For instance, when debating has an
important role in the decision-making process [7] (e.g. political
r Triantaphyllou.
decision-making), multi-optimality provides the decision-makers
with the freedom to incorporate higher-level information (infor-
mation that cannot be modeled) into their decision-making process.
In other cases, however, the decision-maker may prefer a unique
solution (e.g. when there is no debating or when there is no higher-
level information that needs to be considered). The main contri-
bution of this paper is twofold. We first ascertain some solution
properties of BWM and show how we can determine the ranges of
the weights of different criteria in the case of multi-optimality. We
then use interval analysis as a way to analyze such cases and to
determine the ranking of the criteria. Secondly, we propose a linear
BWM, based on the same philosophy of BWM, that always results in
unique solution.

In the next section, we provide an overview of the BWM, after
which we discuss the multi-optimality property of this method in
Section 3. Next, we describe the interval analysis and incorporate
it in the method. Numerical examples are used to illustrate the
procedure we propose to rank the interval weights. In Section 4,
we propose a linear model of BWM and also solve some examples
for this model. The conclusions are presented in Section 5.
2. Best worst method

Here, we briefly describe the steps of BWM that can be used to
derive the weights of the criteria [6].

Step 1. Determine a set of decision criteria.

www.sciencedirect.com/science/journal/03050483
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Table 2
Best-to-others (BO) and others-to-worst (OW) pairwise comparison vectors:
Example 1.

BO Quality Price Comfort Safety Style

Best criterion: price 2 1 4 2 8

OW Worst criterion: style

Quality 4
Price 8
Comfort 2
Safety 4
Style 1

Table 3
Best-to-others (BO) and others-to-worst (OW) pairwise comparison vectors:
Example 2.

BO Quality Price Comfort Safety Style

Best criterion: price 2 1 4 3 8

OW Worst criterion: style

Quality 4
Price 8
Comfort 2
Safety 3
Style 1

Table 4
Best-to-others (BO) and others-to-worst (OW) pairwise comparison vectors:
Example 3.

BO Quality Price Comfort Safety Style

Best criterion: price 2 1 4 3 8

OW Worst criterion: style

Quality 4
Price 8
Comfort 4
Safety 2
Style 1
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In this step, the decision-maker identifies n criteria c1; c2; ⋯; cnf g
that are used to make a decision.

Step 2. Determine the best (e.g. most desirable, most impor-
tant) and the worst (e.g. least desirable, least important) criteria.

Step 3. Determine the preference of the best criterion over all
the other criteria, using a number between 1 and 9. The resulting
best-to-others (BO) vector would be:

AB ¼ aB1; aB2; …; aBnð Þ;
where aBj indicates the preference of the best criterion B over
criterion j. It is clear that aBB ¼ 1.

Step 4. Determine the preference of all the criteria over the
worst criterion, using a number between 1 and 9. The resulting
others-to-worst (OW) vector would be:

AW ¼ a1W ; a2W ; …; anWð ÞT ;
where ajW indicates the preference of the criterion j over the worst
criterion W. It is clear that aWW ¼ 1.

Step 5. Find the optimal weights w�
1;w

�
2;…;w�

n

� �
.

The aim is to determine the optimal weights of the criteria,
such that the maximum absolute differences wB

wj
�aBj

��� ��� and
wj

wW
�ajW

��� ��� for all j is minimized, which is translated to the fol-
lowing minmax model:

min maxj
wB
wj
�aBj ;

wj

wW
�ajW

��� ������ o���n
s:t:X
j

wj ¼ 1

wjZ0; for all j ð1Þ

Model (1) is equivalent to the following model:

min ξ
s:t:

wB

wj
�aBj rξ; for all j

������
wj

wW
�ajW rξ; for all j

������X
j

wj ¼ 1

wjZ0; for all j ð2Þ

For any value of ξ, multiplying the first set of the constraints of
model (2) by wj and the second set of constraints by wW , it can be
seen that the solution space of model (2) is an intersection of
4n�5 linear constraints (2(2n�3) comparison constraints and one
constraint for the weights sum), thus given a large enough ξ that
the solution space is non-empty. Solving model (2), the optimal
weights w�

1;w
�
2;…;w�

n

� �
and ξ� are obtained.

According to [6], a consistent comparison is defined as follows:

Definition 1. A comparison is fully consistent when aBj � ajW ¼ aBW ,
for all j, where aBj, ajW and aBW are respectively the preference of the
best criterion over the criterion j, the preference of criterion j over the
worst criterion, and the preference of the best criterion over the worst
criterion.

Table 1 shows the maximum values of ξ(consistency index) for
different values of aBW .
Table 1
Consistency Index (CI) Table [6].

aBW 1 2 3 4 5 6 7 8 9

Consistency Index
(max ξ)

0.00 0.44 1.00 1.63 2.30 3.00 3.73 4.47 5.23
Considering the consistency index (Table 1), the consistency
ratio is calculated as follows:

Consistency Ratio¼ ξ�

Consistency Index
ð3Þ

Consistency RatioA ½0;1�, values close to 0 show more con-
sistency, while values close to 1 show less consistency.

The solution space of (2) includes all the positive values for
wj; j¼ 1; :::;n, such that the sum of weights be 1 and the violation
of all the weight ratios from their corresponding comparison be at
most ξ. Here we show that model (2) might result in multiple
optimal solutions for problems with more than three criteria.

Suppose that for a problem with n criteria (weight variables),
we have ξ�. Replacing ξ by ξ� in the right-hand side of the con-
straints of (2), the optimal solution would be the results of the
following linear system:

wB�aBjwj
�� ��rξ�wj; for all j

wj�ajWwW
�� ��rξ�wW ; for all jP
j
wj ¼ 1

wjZ0; for all j

8>>>>>><
>>>>>>:

ð4Þ
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For fully consistent problems (ξ� ¼ 0), each constraint jwB�aBj
wjjrξ�wj is converted to one constraint wB�aBjwj ¼ 0 (similarly
wj�ajWwW
�� ��rξ�wW is converted to wj�ajWwW ¼ 0), while for
not-fully consistent problems (ξ�40), each constraint wB�aBjwj

�� ��
rξ�wj is converted to two constraints wB�aBjwjrξ�wj and aBjwj

�wBrξ�wj (similarly wj�ajWwW
�� ��rξ�wW is converted to wj�

ajWwW rξ�wW and ajWwW �wjrξ�wW ). So for fully consistent
problems we have 2n�3 equality constraints, and for not-fully con-
sistent we have 2(2n�3) inequality constraints. Furthermore, for fully
consistent problems (because of the equality in the chain relations
extracted from the consistency definition, aBj � ajW ¼ aBW ), the
number of independent constraints become n (n�1 comparison
constraintsþone weights sum constraint). So for a fully consistent
problem we have a nonhomogeneous linear system with n weight
variables and n constraints, so we have a unique optimal solution. It is
also obvious based on the relation chains in the consistency definition,
aBj � ajW ¼ aBW , that a problem with two criteria (n¼2) is always
consistent, hence, with a unique solution. For not-fully consistent
problems (nZ3) we have 4n�5 constraints (at least two of which
are equality, the rest are inequality), 5n-8 variables (n weight
variablesþ4n�8 slack variables), so we have a nonhomogeneous
linear system for which:

The number of variables¼the number of constraints (or:
5n�8¼4n�5), if n¼3;

The number of variables4the number of constraints (or:
5n�844n�5), if n43.

So for not-fully consistent problems with three criteria we
always have a unique optimal solution, while for not-fully con-
sistent problems with more than three criteria we might have
multiple optimal solutions.

The following section proposes a way to rank the criteria in the
case of multi-optimality.
3. Interval weights

In this section, we propose the following two models to cal-
culate the lower and upper bounds of the weight of criterion j.
These models are solved after solving model (2) and finding ξ�.

min wj

s:t:

wB

wj
�aBj rξ�; for all j

������
wj

wW
�ajW rξ�; for all j

������X
j

wj ¼ 1

wjZ0; for all j ð5Þ

max wj

s:t:
wB

wj
�aBj rξ�; for all j

������
wj

wW
�ajW rξ�; for all j

������X
j

wj ¼ 1

wjZ0; for all j ð6Þ
By solving these two models for all the criteria, we can deter-

mine the optimal weights of the criteria as intervals. The center of
intervals can be used to rank the criteria or alternatives [8].
However, another option is to rank the criteria or alternatives
based on the interval weights. In order to do that, we suggest
using matrix of degree of preference and matrix of preferences. In
the next section, we present interval analysis that is used to
compare and rank the interval weights.
3.1. Interval analysis

Here, we first introduce some basic definitions and operations
of interval numbers, interval arithmetic, and comparing interval
numbers [9,10].

Definition 2. A closed interval is an ordered pair in a bracket as:
A¼ ½aL; aR� ¼ fx : aLrxraR; xARg; ð7Þ
where aL and aR are the left limit and the right limit of A,
respectively. The closed interval can also be defined by its center
and width as:

A¼ 〈aC ; aW 〉¼ fx : aC�aW rxraCþaW ; xARg; ð8Þ
where aCand aW are the center and width of A, respectively.

Definition 3. Let �Afþ ; � ; �; =gbe a binary operation on two
closed intervals A and B, then
A � B¼ fx � y : xAA; yABg ð9Þ
defines a binary operation on the set of closed intervals. It is
assumed that, in the case of division, 0=2B.

The operations on closed intervals used in this paper are as
follows:

AþB¼ ½aLþbL; aRþbR� ð10Þ

A� B¼ ½min ðaL � bL; aL � bR; aR � bL; aR � bRÞ;
max ðaL � bL; aL � bR; aR � bL; aR � bRÞ� ð11Þ

A=B¼ ½min ðaL=bL; aL=bR; aR=bL; aR=bRÞ;
max ðaL=bL; aL=bR; aR=bL; aR=bRÞ�; if 0=2½bL; bR� ð12Þ

kA¼
kaL; kaR
� �

; for kZ0
kaR; kaL
� �

; for ko0

(
ð13Þ

where k is a real number.
Here we describe some definition for comparing interval

numbers [11].
Let A¼ aL; aR½ � and B¼ bL; bR

� �
be two interval numbers.

Definition 4. The degree of preference of A over B (or A4B) is
defined as:

PðA4BÞ ¼maxð0; aR�bLÞ� maxð0; aL�bRÞ
ðaR�aLÞþðbR�bLÞ

ð14Þ

The degree of preference of B over A is calculated similarly as:

PðB4AÞ ¼maxð0; bR�aLÞ� maxð0; bL�aRÞ
ðaR�aLÞþðbR�bLÞ

ð15Þ

It is clear that PðA4BÞþPðB4AÞ ¼ 1 and PðA4BÞ ¼ PðB4AÞ ¼
0:5 when A¼B, which means when aL ¼ bL and aR ¼ bR.

Definition 5. If PðA4BÞ4PðB4AÞ (or equivalently PðA4BÞ40:5),
then A is said to be superior to B to the degree of PðA4BÞ, denoted
by A g

PðA4BÞ
B; if PðA4BÞ ¼ PðB4AÞ ¼ 0:5; then A is said to be

indifferent to B; denoted by A� B; if PðB4AÞ4PðA4BÞ (or
equivalently PðB4AÞ40:5), then A is said to be inferior to B to the

grade of PðB4AÞ denoted by A !
PðB4AÞ

B.

As we discussed before, for a not-fully-consistent comparison
system with more than three criteria we have interval weights.
The lower and upper limits of these intervals are obtained using
(5) and (6), respectively. To compare the interval weights we cal-
culate the 'matrix of degree of preference' DPij, and ‘matrix of
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preferences’ Pij, respectively, as follows:

A B ⋯ N

DPij ¼

A
B

⋮
N

PðA4AÞ PðA4BÞ ⋯ PðA4NÞ
PðB4AÞ PðB4BÞ ⋯ PðB4NÞ
⋮ ⋮ ⋱ ⋮
PðN4AÞ PðN4BÞ ⋯ PðN4NÞ

0
BBBB@

1
CCCCA ð16Þ

A B ⋯ N

Pij ¼

A

B

⋮
N

pAA pAB ⋯ pAN
pBA pBB ⋯ pBN
⋮ ⋮ ⋱ ⋮
pNA pNB ⋯ pNN

0
BBBB@

1
CCCCA

ð17Þ

Where:

pij ¼
1; if Pði4 jÞ40:5;
0; if Pði4 jÞr0:5; i; j¼ A; ::: ;N:

(

Then, we simply calculate the sum of the elements in each row
of the matrix Pij, and rank the criteria based on their sum values.

So, as discussed above, we can determine the weight of
criterion j in the form of an interval like: wj ¼ 〈wjC ; wjW 〉¼
fx : wjC�wjW rxrwjCþwjW ; xARg. After determining the
weights as intervals, equations (14)–(17) can be used to rank them.
Alternatively, as mentioned before, this range can be used as an
input for debating and making an agreement on a set of weights
within the ranges. In these cases, one alternative is to consider wjC

(the center value) as a representative.

3.1.1. Numerical examples

Example 1. When buying a car, a buyer considers five criteria
quality (c1), price (c2), comfort (c3), safety (c4), and style (c5). The
buyer provides the pairwise comparison vectors as shown in Table 2.

Solving this problem using model (2) results in w�
1 ¼ 0:2105,

w�
2 ¼ 0:4211, w�

3 ¼ 0:1053, w�
4 ¼ 0:2105, w�

5 ¼ 0:0526, and ξ� ¼ 0.
This comparison system is fully consistent and we have a single
solution.
0
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Fig. 1. Optimal interval weights of example 2.
Example 2. Consider the example presented above, with the BO
and OW comparison vectors as shown in Table 3.

Solving this problem using model (2) yields ξ� ¼ 0:1459, which
implies that the pairwise comparison system is not-fully-
consistent and we may have multi-optimality. We used models
(5) and (6) and found the following optimal intervals for the
weights of the criteria (and their centers and width), with the
optimal value of ξ� ¼ 0:1459 (see also Fig. 1).

w�
1 ¼ 0:2145; 0:2289½ �; w�

1ðcenterÞ ¼ 0:2217; w�
1ðwidthÞ ¼ 0:0072

w�
2 ¼ 0:4461; 0:4571½ �; w�

2ðcenterÞ ¼ 0:4516; w�
2ðwidthÞ ¼ 0:0055

w�
3 ¼ 0:1085; 0:1176½ �; w�

3ðcenterÞ ¼ 0:1131; w�
3ðwidthÞ ¼ 0:0046

w�
4 ¼ 0:1563; 0:1602½ �; w�

4ðcenterÞ ¼ 0:1582; w�
4ðwidthÞ ¼ 0:0019

w�
5 ¼ 0:0548; 0:0561½ �; w�

5ðcenterÞ ¼ 0:0554; w�
5ðwidthÞ ¼ 0:0007

Looking at the intervals and Fig. 1, because there is no overlap
between the interval numbers, for the ranking involved, it is
obvious that price g quality g safety g comfort g style.

If we calculate the degree of preference matrix (16) and pre-
ference matrix (17), we arrive at the same conclusion.

sum

DPij ¼

0:5 0 1 1 1
1 0:5 1 1 1
0 0 0:5 0 1
0 0 1 0:5 1
0 0 0 0 0:5

0
BBBBBB@

1
CCCCCCA

) Pij ¼

0 0 1 1 1
1 0 1 1 1
0 0 0 0 1
0 0 1 0 1
0 0 0 0 0

0
BBBBBB@

1
CCCCCCA

3
4
1
2
0

The sum of each row is used to rank the criteria, which means
that price g quality g safety g comfort g style.

Example 3. Now suppose that the DM has provided the pair-
wise comparison vectors BO and OW as shown in Table 4.

Solving this problem using model (2), we find ξ� ¼ 1, which
shows the problem may have multiple optimal solutions. Using
models (5) and (6), we find the following optimal intervals for the
weights for the criteria (and their centers and width), with the
optimal value of ξ� ¼ 1 (see also Fig. 2).

w�
1 ¼ 0:1579; 0:2469½ �; w�

1ðcenterÞ ¼ 0:2024; w�
1ðwidthÞ ¼ 0:0445

w�
2 ¼ 0:4286; 0:4932½ �; w�

2ðcenterÞ ¼ 0:4609; w�
2ðwidthÞ ¼ 0:0323

w�
3 ¼ 0:1429; 0:1644½ �; w�

3ðcenterÞ ¼ 0:1536; w�
3ðwidthÞ ¼ 0:0108

w�
4 ¼ 0:1111; 0:1579½ �; w�

4ðcenterÞ ¼ 0:1345; w�
4ðwidthÞ ¼ 0:0234

w�
5 ¼ 0:0476; 0:0548½ �; w�

5ðcenterÞ ¼ 0:0512; w�
5ðwidthÞ ¼ 0:0036
0
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Fig. 2. Optimal interval weights of example 3.
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For this example, it is not easy to visually rank the interval
weights, as some of them overlap.

If we calculate the degree of preference matrix (16) and pre-
ference matrix (17), we have:

sum

DPij ¼

0:5 0 0:9413 1 1
1 0:5 1 1 1
0:0587 0 0:5 0:7799 1
0 0 0:2201 0:5 1
0 0 0 0 0:5

0
BBBBBB@

1
CCCCCCA

) Pij ¼

0 0 1 1 1
1 0 1 1 1
0 0 0 1 1
0 0 0 0 1
0 0 0 0 0

0
BBBBBB@

1
CCCCCCA

3
4
2
1
0

Based on the sum of the rows, the following ranking emerges:
price g quality g comfort g safety g style.
4. A linear model of BWM

As discussed in the previous section, model (2) could result in
multiple optimal solutions. If, instead of minimizing the maximum
value among the set of wB

wj
�aBj

��� ���; wj

wW
�ajW

��� ���n o
, we minimize the

maximum among the set of wB�aBjwj
�� ��; wj�ajWwW

�� ��� �
, the

problem can be formulated as follows.

min maxj wB�aBjwj ; wj�ajWwW
�� ���� ����

s:t:X
j

wj ¼ 1

wjZ0; for all j ð18Þ
Problem (18) can be transferred to the following linear pro-

gramming problem:

min ξL

s:t:

wB�aBjwj rξL; for all j
������

jwj�ajWwW jrξL; for all jX
j

wj ¼ 1

wjZ0; for all j ð19Þ
Problem (19) is a linear problem, which has a unique solution.

Solving Problem (19), the optimal weights w�
1;w

�
2;…;w�

n

� �
and ξL�

are obtained.
For this model, ξL�can be directly considered as an indicator of

the consistency of the comparisons (here we do not use Con-
sistency Index, Eq. 3). Values of ξL�close to zero show a high level
of consistency.

4.1. Numerical examples

Example 1. We use the same data that was used for Example
1 in section 3 for buying a car. Using model (19), we have:

w�
1 ¼ 0:2105; w�

2 ¼ 0:4211; w�
3 ¼ 0:1053; w�

4 ¼ 0:2105;w�
5 ¼

0:0526; and ξL� ¼ 0:
The comparison system is fully consistent and we have a

unique solution. As can also be seen in case of consistency, both
models result in the same weights.

Example 2. Here, we use the same data that was used for
Example 2 in section 3 for buying a car. While, due to the incon-
sistency of the problem and the non-linearity of model (2), there
were multiple optimal solutions, applying model (19), we find the
following unique solution.

w�
1 ¼ 0:2295; w�

2 ¼ 0:4481; w�
3 ¼ 0:1148; w�

4 ¼ 0:1530;

w�
5 ¼ 0:0546; and ξL� ¼ 0:0109:
View publication statsView publication stats
As can be seen the unique solution found by this model is very
close to the center of intervals we found from the non-linear
model is Section 3.
5. Conclusion and future research

The best worst method (BWM) results in a single solution for
problems with two or three criteria and when the comparisons
system is fully consistent with any number of criteria. For not-
fully-consistent comparison systems with more than three criteria,
where there may be multiple optimal solutions, we can find the
weights as intervals. This feature of the BWM in fact provides
more information about the optimal solution. The center of
intervals can be used to rank the criteria or alternatives. However,
another option is to rank the criteria or alternatives based on the
interval weights. In order to do that, we suggested using matrix of
degree of preference and matrix of preferences. Although multi-
optimality may be desirable in some cases, in other cases, a unique
solution is preferred, which is why we also proposed a linear
BWM, the philosophy behind which is very close to the initial
BWM model, but, due to its linearity results in a unique solution.
Interesting future research directions are to use the method in
real-world cases and to extend the method for group-decision-
making problems [12].
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